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We demonstrate experimentally the generation of an optical
beam having an axial focusing that is narrower than the
Fourier limit. The beam is constructed from a superposition
of Bessel beams with different longitudinal wave vectors,
realizing a super-oscillatory axial intensity distribution.
Such beams can be useful for microscopy and for optical
particle manipulation. © 2017 Optical Society of America
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Strong focusing of light is essential for many applications, such
as high-resolution microscopy, nonlinear optics, and particle
manipulation.

In 1952, Toraldo di Francia [1] proposed theoretically an
approach to create a beam with a focal spot focused below
the Abbe diffraction limit, in principle providing better focus-
ing than the Fourier limit.

In 1988, Aharonov et al. [2], in the context of quantum
theory, found a family of functions with rapid local oscillations
that exceeded the functions’ highest Fourier component.
This phenomenon, also found in di Francia’s work, is com-
monly known today as super-oscillation. In 2006, Berry and
Popescu [3], using the same family of functions, reintroduced
super-oscillations into optics by considering super-resolution
without evanescent waves. Following this work, several exper-
imental realizations of super-resolution microscopy using
super-oscillations were demonstrated [4–6] (as well as a tem-
poral analogue [7]). Related works showed a super-oscillatory
pattern made of Airy beams [8], and use of super-oscillatory
beams as optical tweezers for particle manipulation [9].
Common to these works is the creation of sub-Fourier focusing
in a plane transverse to the optical axis. In this Letter, we show
and demonstrate how axial sub-Fourier focusing can be
achieved with the formalism of super-oscillations applied to
a superposition of optical Bessel beams [10,11]. This can be
an interesting addition to other, simpler cases of superposition
of spatial modes (in the form of counter-propagating beams)
used to improve the axial resolution in imaging [12–14].

A simple and common form of a super-oscillatory function
is the following [2,3]:

f so�x� � �cos�k0x� � ia sin�k0x��N ; (1)

where k0 is a fundamental spatial frequency, a ∈ R > 1 and
N ∈ N�. This function can also be Fourier expanded to the
following form:
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This equation clearly shows a limited frequency band of
�−Nk0; N k0�. However, approximating the function f so�x�
around x � 0 shows that it locally oscillates at a local frequency
Nk0 · a, which is a times faster than the highest Fourier com-
ponent. We say the function super-oscillates around x � 0.
Additionally, we term a as the tuning parameter of the
super-oscillation. The same applies to the real part of f so�x�,
which has the following cosine Fourier series:
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qn ≡ 2n� μN ; μN ≡mod�N; 2�: (4)

The ideal Bessel beam is described in polar coordinates as [10]

E�r;ϕ; z� � A0 exp�ikzz�Jn�krr� exp��inϕ�; (5)

where A0 is an arbitrary amplitude, kz and kr are the wave
number components in the longitudinal and transverse direc-
tions, correspondingly, Jn�x� is the n-th order Bessel function,
and exp��inϕ� is the angular momentum term of the beam.
The longitudinal and transversal wave numbers are coupled by
the following relation:

k �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z � k2r

q
; (6)

where k � 2π
λ , and λ is the optical wavelength.

A zero-order Bessel beam can be described using a super-
position of plane waves propagating on a cone with equal
phases. Experimentally, such a plane wave decomposition can
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be realized by setting an annular aperture in the back focal
plane of a lens [11]. In the paraxial limit, the resulting beam
will obtain the following form in the range of �−zmax∕2;�zmax∕2�
around the focal point:

ER�r; z� ≅ A0 exp
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where f is the focal length, R is the annular aperture’s radius
(which fulfills the paraxial condition R ≪ f ), D is the lens aper-
ture, and zmax � Df ∕R. The axial intensity profile I axial�z�
resulting from the interference of multiple modes associated with
different concentric apertures with radii Rm can be denoted as
follows:
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limited to m ∈ foddg and Rm is selected such that kz�Rm� be-
comes the linear set: kz�Rm� � kz�R0� � mΔkz , and the ampli-
tudes fulfill the symmetry condition Am � A−m, the intensity in
Eq. (8) becomes the result of an interference of beat modes:

I axial�z� ∝
�����

XM
m∈fodd�g

Am cos�mΔkzz�
�����
2

; (9)

where Δkz ≈ k
2f 2 �R2

m − R2
m−2�, regardless of m. Note that the

common spatial carrier mode exp�ikz�R0�z� is factored out and
does not affect the intensity. Equipped with the amplitude values
Am corresponding to the super-oscillatory function in Eq. (3), it is
possible to achieve a super-oscillatory axial intensity pattern in z,
realizing sub-Fourier axial focusing.

To achieve an axial sub-Fourier focusing of a beam we first
generated a collection of phase-only diffraction masks corre-
sponding to different values of the super-oscillatory tuning
parameter a � 1.0; 1.1; 1.2; 1.4; 1.5. Each mask contains a set
of four annular rings with the radii of Rf−3;−1;�1;�3g in rising
radius order, from the center of the mask outwards.

To achieve the linear set of kz�Rf−3;−1;�1;�3g�, we found the
maximal radius Rmax, which closely fits to our spatial light
modulator (SLM) screen dimensions and found its correspond-
ing transverse wave number kr�Rmax� by using kr � 2π

λf Rmax.
This specifies the maximal transverse component of the wave
vector we can realize in our system. Then we have used Eq. (6)
to find the minimal longitudinal component of the wave vector
kz�Rmax�. With this, we derived the longitudinal wavenumber
in the middle of the available spectrum: kz�R0� � 1

2 �kz�0��
kz�Rmax�� � 1

2 �k � kz�Rmax��, which serves as the central axis
of symmetry in the longitudinal momentum space and which
corresponds to a central radius R0 in the transverse coordinate
space. Next, we have selected a Δkz � 132.87 �m−1� value that,
under the linear relation of kz�Rm� � kz�R0� � mΔkz , gives
a set of four equidistant longitudinal wave numbers and four
corresponding ring radii that fit the SLM screen dimensions:
Rf−3;−1;�1;�3g � f1.34; 1.89; 2.32; 2.68g mm.

According to Eqs. (8) and (9), the set of four annular rings
corresponds to a pair of axial beat modes. To make sure the

superposition of the beat modes would super-oscillate, we have
calculated the modes’ coefficients using Eq. (3) forN � 3 to be
C1 � 3�1 − a2�∕4, C3 � �1� 3a2�∕4. Then we have set the
ring amplitudes asA−1 � A�1 � jC1j and A−3 � A�3 � jC3j.
To adjust the sign of A−1 � A�1, which is negative (i.e., ac-
cording to C1 for a > 1), we have equipped the inner rings
(Rf−1;�1g) with a π phase shift (ϕ−1 � ϕ�1 � π). The desig-
nated amplitude of the rings took into account the Gaussian
profile of the incident laser beam to generate overall a constant
amplitude across each ring. We have encoded the required
amplitude and phase profiles to our phase-only SLM using a
known phase-encoding technique [15]. To get rid of the residual
field that is not modulated, each pair of rings on the phase-only
mask contained a blazed grating pattern having a period of
Λ � 64 μm, which projects the desired beam into the first dif-
fraction order (see Fig. 1 for a realization of such a mask).

Our experimental setup (Fig. 1) consists of a 532 nm con-
tinuous-wave laser (Quantum Ventus 532 Solo Laser) and a
reflective phase-only SLM (Holoeye Pluto SLM) on which
we mount the masks. The laser beam is expanded and
collimated before the SLM, reflected off it, and Fourier trans-
formed using a 20 cm focal lens. The intensity of the generated
first-diffraction-order beam was imaged at different planes in
the vicinity of the focal plane using a CMOS camera (Ophir
Spiricon SP620U Beam Profiling Camera) and a stepper motor
linear stage (Newport FCL200 motor stage).

All experimental results were compared with theory using a
numerical Fourier beam propagation simulation.

To demonstrate the super-oscillatory sub-Fourier axial focusing
we show in Fig. 2 the measured intensity of the beam along the
z axis for different values of the tuning parameter a. In the non-
super-oscillatory case of a � 1, we get a single-beat-frequency
modulation with periodicity of Λ � 8.3 mm, which matches the

Fig. 1. Experimental setup. BE � beam expander. SLM � spatial
light modulator. CAM � CMOS camera. MST � motor stage.
M � mirror. L1; L2; L3 are lenses. The sum of the distances d 1; d 2

equals to lens L3 focal length. Z 0 marks the location of the focal plane
for an object in the SLM plane. (Inset): realization of one of the phase-
only masks used in the experiment.
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theoretical value, given with ΛT � 2π∕�6Δkz� � 7.9 mm [16],
by 95%. This periodicity constitutes the Fourier limit, consid-
ering the lens used in the setup and the available spatial spec-
trum at the plane of the SLM.

In other words, this is the shortest period possible when
choosing a single Fourier component (which is obviously

the fastest component) from the available spectrum. Now, as
we generate new signals by increasing the a parameter, the
focal plane lobe (i.e., near z � z0) gets narrower. The local
periodicity of the focused lobe was measured to be Λso �
f7.3; 6.5; 5.5; 5g mm for the corresponding a � 1.1; 1.2; 1.4;
1.5 values. All of these values represent tighter focusing than
the Fourier limit, i.e., narrower local periods than associated
with the fastest component of the spectrum. The narrowest ax-
ial focus (for a � 1.5) is 60% of the Fourier limit. Additionally,
we see that the penalty for the narrower focusing is reduced
intensity, which is a usual characteristic of super-oscillatory
waveforms. We note that for microscopy, naturally one would
use an objective with a much larger numerical aperture than
that of the lens we have used here, to scale down the observed
features. For extremely large values of the a ≫ 1 parameter, the
super-oscillating feature becomes sensitive to phase noise and
may easily be destroyed [17]. For our range of the a parameter,
such phase noise is irrelevant.

Figure 3 shows the measured and computed yz plane cross
section of the intensity for the regular, non-super-oscillatory,
single-beat-mode case [case (a) for a � 1] compared with an
axially super-focused case [case (b) for a � 1.5]. From both
cross sections, the one-dimensional axial profile is extracted
and presented. Figure 4 shows the measured and computed
xy cross section of the beam in the focal plane (z � z0), from
which a transverse line-out is extracted and presented (notice
that the beam possesses cylindrical symmetry, so the angle of
the line-out is not important). All measurements show good
agreement with theory. Overall, the super-oscillatory focused
feature is confined to jrj < 0.025 mm in the radial direction

Fig. 2. Axial intensity of the beam: (a) measurement and (b) theory.
Results are for different given values of the tuning parameter a of the
super-oscillating pattern.

Fig. 3. Axial intensity distribution of the beam—measurement versus theory. (Left): measured yz intensity distribution. (Center): theoretical yz
intensity distribution. (Right): axial intensity line-out (whose location is marked in dashed white line in the left and center panels)—measurement
versus theory, for (a) single-beat-mode case (a � 1) and (b) super-oscillatory case (a � 1.5). Vertical dotted-dashed lines were added as a guide to the
eye, denoting the width of the central feature of the beam.
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and to jzj < 0.25 cm in the axial direction. For the transverse
direction, the calculated full width at half maximum (FWHM)
of the fastest (transverse) Bessel mode central lobe (correspond-
ing to R�3) is 0.014 mm, while the measurement for the
whole signal (consisting of all the rings) shows an FWHM
of 0.018 mm. Thus, we conclude that our pattern is not
super-oscillating in the transverse direction. We note that an-
other approach can result in both longitudinal and transverse
sub-Fourier focusing [18].

In summary, we have shown theoretically and experimen-
tally how sub-Fourier focusing can be achieved in the axial di-
rection of a beam using a super-oscillatory interference of Bessel
beams. We have demonstrated this focusing capability to be
tunable with the cost of smaller intensity for narrower focusing.
Both axial and transverse intensity cross-sections indicate that
the focused spot is confined to a finite isolated volume.

Following the wide interest that super-oscillations are finding
in applied optics, both in temporal optics [7] and beam optics
[8,19], our findings might be relevant to potential applications
such as optical and electron beam shaping [20], microscopy,
particle manipulation [9,16], and nonlinear optics [21].

†These authors contributed equally for this work.
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Fig. 4. Transverse intensity distribution of the beam at the focal plane—measurement versus theory. (Left): measured xy intensity distribution.
(Center): theoretical xy intensity distribution. (Right): axial intensity line-out (whose location is marked in dashed white line in the left and center
panels)—measurement versus theory, for (a) single beat mode case (a � 1) and (b) super-oscillatory case (a � 1.5).
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